INTERPOLATION BY BOUNDED FUNCTIONS
par W. HAYMAN.
1. Let D be a domain in the plane or more generally a Riemann surface, which admits bounded analytic functions. In a recent lecture R. C. Buck raised the following problem. Do there exist infinite sequences z^ in D, such that an arbitrary bounded sequence w^ can be interpolated at z^ by a function f (z) regular and bounded in D, and if so does every sequence z^ which approaches the boundary of D sufficiently rapidly have this property? Although the existence and uniqueness problem for fixed sequences w^ and z^ has been extensively treated by Pick, Schur, Grunsky, Carath6odory, Denjoy, Nevanlinna and others ( 1 ), Buck's questions does not seem answerable by the classical methods.
We shall in this paper supply an affirmative answer to both problems in case D is the unit circle. A sequence z^ n= 1, 2, ... will be called a universal interpolation sequence, (u.i.s.) if Sci. Fenn. 32, nr. 7 (1929) , for a good account of the problem. The conditions evidently imply that the z^ are distinct and have no limit point in \z\ < 1. We write
Zm---Zn
• m, n -, 1 -|1--ZŴ e shall denote by C, Ci, Cg, ... positive constants independent of m, n not necessarily the same each time. The letter A will denote positive absolute constants and A(e) constants depending only on £. Our main result can now be stated as follows. (2.2) Suppose then that our sequence n^ satisfies (2. 1) and (2. 2). We choose w^ so that w^=l, p=l, 2, ..., w^ == 0, if n^=-rip for any p, and suppose that there exists f(z) regular in \z\ <; 1 and satisfying (1. 1) and \f{z)\ < M there. Let N be a positive integer and set
where the prime denotes a product over integers not belonging to the sequence rip. Then <p(z) is regular in \z\ < 1 and iim|y(^|<M.
\z\-^l
Thus the maximum modulus principle gives |y(z)(^M in \z\ < 1, and so I^KMII'^I-
Setting z == z^ for a fixed k and making N ->-oo we deducê
This contradicts (2. 1) and so proves the necessity part of Theorem 1.
3. PROOF. OF THEOREM 1, SUFFICIENCY. -Let z^ be a sequence of points in \z < 1 satisfying (1. 3), or more gene-rally (1. 2) and suppose that we can find a sequence of functions /,(z) regular in lz| < 1 and satisfying \fn(Zn)\>C, all n and (3. 1) (3. 2) SI^KC", |2l<l.
We write
Then the condition (1. 2) implies that g^{z) is regular in \z < 1, gn(^m) =0, 771 =^ 71, and |g^)|=|^)|lL>c.
We now put
Then we have for |z <^ 1
and so by (3. 2) c"
SI^^K^' ^<i.
Also by (3. 3) and (3. 4) we have
Thus if W,, is any bounded sequence we set ŵ^= 2^^).
(3. 5) (3. 6)
It now follows from (3. 6) that f{z) satisfies (1. 1) and from (3. 5) that f(z) is bounded in \z < 1. In order to complete the proof or Theorem 1 it therefore remains only to construct the sequence /^(z) satisfying (3. 1) and (3. 2), given a sequence z^ satisfying (1. 3) and this we proceed to do.
3. 1. In order to construct our sequence fn(z) we shall construct functions Un(js) positive and harmonic in \z\ < 1 and such that for some positive £ U.^XC,, We choose r so that
Thus in this case
We see that the number N of indices n for which (3. 9) is false satisfies (3. 11) for any z in \z\ < 1. For all other values of n we have (3. 10). Thus
in view of (1. 3). This yields (3. 2). Thus our problem of constructing the regular functions f^{z) is reduced to the construction of the positive harmonic functions Un(z) satisfying (3, 7) and (3.8). We may suppose without loss in generality that ZQ is the origin and that D is bisected by the positive real axis, since these results may be achieved by a conformal map of |z| < 1 onto itself, which leaves r{z, Zo) invariant. It now follows that D is the domain given by 1+z where >R,
CONSTRUCTION OF THE FUNCTIONS V^{z

1-z
We now set R> 1+r, l-r» for z in D, and this proves the Lemma. 4. 1. In order to make use of Lemmas 1 and 2 in our construction we need some inequalities for r(z, z'). 
Since (4. 1) is false, we deduce
and so, since X = 1 -4e > 0, ryKA^d-p').
This inequality thus holds in any case if (4. 1) is false. Thus in this case (l-p^(l_p^) A(e)(l-p) (l-ppr+app^l-cosy)^ (1-pQ ^Ŵ e now put again by (4. 4), so that Lemma 4 follows also in this case.
5. COMPLETION OP PROOF OF THEOREM 1. -We can now construct our harmonic functions Ua(z) to satisfy (3. 7) and (3. 8). Let z, = p,,^ be the members of our sequence and suppose that 
